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ABSTRACT

In this paper a new construction of the Bergman-Whittaker operator
is presented. Another operator, which transforms functions of two
complex variables into harmonic functions in three variables is intro-
duced along with its inverse operator. A theorem connecting the sing-
ularities of analytic functions with those of harmonic functions 1is

given with an illustration. These methods are extended to a class of

singular hyperbolic equations.




I. Introduction

Harmonic functions in three-varisbles may be generated by means
of the Bergman-Whittaker integral operator, B3T_‘§] , which maps analytic
functions of three variables H(x).m 213)

H@ = 8,05}, B,81= 2 [seody,
L
t=[- x5, % v (rix) ), @

|Z-x°N <€, Xalunx), X' (0507 x)

vhere & 1is a closed differentiable arc in the $§ - plane, and €0
is sufficiently small. _

Certain classes of harmonic functions in three-variables may
be generated, however, by an operator which maps functions of a single

complex variable. For instance the Bergman-Sommerfiled operator[h] ’

§(2) d2
HE®)= §, L, Sl §(cx.-u.<xsli Dea-u el s Desmuye)

(2)

vhere o is either an open or closed curve in the { - plane, and the
QK(S) are real functions of 3 , etc..

It is of interest, in the study of anmalytic properties of
harmonic functions in three variables to have different operators

avallable. The reason for this is that by using different operators
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we are frequently able to transplant some other properties of analytic
functions for certain classes of harmonic functions. In this paper
we shall introduce several new operators for harmonic functions in
three variables and study some of their properties.

II. A New Derivation of the Whittaker-Bergman Operator

Drltals]

In previous works the Whittaker-Bergman operator
B3 {%ﬁl has been obtained by various methods. We shall present here a

somewhat different approach by first introducing the kernel,

NEITELIAE $ Y e E) R ") £ &,N

A= 0 Maen, (2.1)

which converges for IE,( | ,'-S<Isl<'+$, $ >0 . Nowif
we define the analytic function of two complex variables, §(5,3%)

and the harmonic function of three variables, V (v, 8,4) , as follows,

fsa)= L 2 Gowm "%, IS/CE , 1=5<I8)C1+§,

N0 gmzem (2.2)

and

Am\(
vie .

qu\ Zz \M_____..-er () &

asd ™M3-" ("\*'V\) A

(2.3)

* The P:(E) are associated legendre functions.




Then, one has formally, that

V(*;O.w\=-;'i‘g{§ j ds & (,cgse ! )gm)

8l=) 18227 (2.4)

5]
Recalling the generating function for the spherical harmonics 510 ] »

= i"(x.':xa\% + X3+ (Klf"xt);lz}w

PN awy
2 " Pl (m0) e =
ool | (<1) (2:5)
Muan
(mm x.l"'s"“° ot P > X;‘f";*OM‘Q;XJ; f"‘o ))
we see that, providing [_t_'_, < | » One has
A L)
L, tn __> (—t— .
K (55 eme, Z. £ e (2.6)

Consequently, if we choose |t| ¢ € » then by the Cauchy formula we
>

have
(s, %)
Ve B (e s
1g\= | Is—t\-_f__ ISi=1 (2.7)

This is the Whittaker-Bergman operator defining a harmonic function in the



small of the origin,

III. An Operator which Generates Harmonic Functions ’i-+ing Certain Symmetry
Properties

As in the last section we shall introduce a kz=rnel by which one

may generage harmonic functions as integral transforms of analytic functions

in two variables, For instance, let

<
= (cu 6( w)m
Eo =0 @M\l <§\ 3 ’ (3.1)

% ) oose,c_‘_'\,
<

then 1f §(s,3)  1s defined in the bi-cylinder | |S| &1, |3]4 '}
as

.5y B S
fn= ZL G (3.2)

Ned M=o

one has by the Cauchy formula for several variables, that

o " !

U(~, wse e“)iz L Gt oo P:(“S")eém, (3.3)

has the integral representation,

’\J(f.me,e“)-'—'—‘&‘*-‘ K (3% ,me:—) (ss)dh
orls I CBY

sl=1  gls)




w5

!
In order to sum K ( =’ m% %‘ ) » “r: consider the gener-
ating function for the Legendre polynomialsh 3

! _ Y PLOO Y, ieicd

(l—lrE 0—1’")'/‘- m=0

(3.5)

and differentiate m-times with respect to R ¢ 3 we obta,int ]

o0

) ‘-m/,_ wv
03: 8000 G ) YT ST g™ By =) (T (-E)TPOT,
NEm

(I‘l!"f 4—‘“‘ ) ™A nsm Af”

(3.6)

stmee P (D) =0 (- e
ag"‘

™
Now, if we multiply both sides by (—S') s and sum from o to *0

over m, (replacing ¥ by v+ /S ), one has*
o ™

f,’.'u-f* > Z (.3‘(?{23:**’"

fz el (1) WO 6

mmE» Nz

A SO RACIAR

NAe0 wWNM=0

* We may rearrange orders of summation since the series is absolutely
convergent.,
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Consequently,

S .
c, B = == Ti-¥- ‘}
K‘ ( S g) < “‘ S"_zrsxi-f" \, !+ Nre ¥i-¥

s (s>~xrs g+7)

< YS"‘— 2rSt + T

’ s (s"-uspr‘) +ravi-p

(3.8)

1rs 1oy
< (s*-2rsg+rd)

providing L

» vbich for |q|= |g|s Is)=|,

is satisfied for \+| < ‘/3 . We may then continue analytically for

values of ¥ , such that |+|> '/3 . Consequently, the representation

(3.4) may be expressed as
-U-(":!."\)

4“‘.m \t IS\ = | \S(SL‘“‘S‘E +"‘) +qrs TI- ¥ %

in a sufficiently small neighborhood of the origin; in Cartesian coordinates

(3.9) bas the form, (3' .’_::9 s ’q,\i’ﬁ ri¥a L ras X T T ay )

Xy =4 X !



H(xlsxa-g xg)
g S d3 g do T -\‘ XY "y (Xy=9)"

L 3 :
T 1<) h . |(x.+§§y+(x;+ 15) + (xar 8) (3.10)

It is possible to find an integral representation for (3.3),
however, in terms of Jjust a single Cauchy integral. We return to (3.6) R
m
multiply by (‘l/ 3) » replace T by "'/s » and then perform a contour inte-

gration over \S\2} ;

Ll KNP -_LS {"L"W } s”ds

@wm)! x¥l 5(\-1*’s+f m; (3.1)

\S\=)
K’, ™ e

This suggests that we consider the function of two complex-variables

] n
Fseh= 2 2 a,., st

n=0 M=20 » Where

Pa-qreTo¥ o -s(X+iX) :
E3) (| 11‘1 + ) X,"-q- x:_' + (Ks-SY' (3.12)
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One then has formally, that

H (x\ox‘-‘ xs) ‘;"— g r(S)o‘\' as ? (3013)

]
:
\S\=\ {x';" Xy + ("3‘55L

vhere ¥ is defined by (3.12). We shall refer to the integral repre-
sentation (3.13) as the operator, "?,5 [Fl , and to  F(s,9)
as the "P: - essociate of H(x) , X3 (%,X0,%) .

One interesting application of the integral operator method
is that one may transplant certain properties of analytic functions into

properties concerning solutions of partial differential equations. This
0IR E

has been done in the case of the operator, ‘5,[\‘-3 , by Bergman ,
Lieltn) 102 G
Kreyszig » Gilbert » and White « We state here a theorem

concerning the singularities of the harmonic function - element, which is

defined in the small of the origin by (3.13); the proof is similar in struc-
)21 0w)

ture t0 an earlier one by the author .

Theorem 13

e 2 rE{dto)e $X; ) =0} be the singularity

manifold of F(s,¥) , then the harmonic function-element defined by

HX)= 4*[r] 1s remwlar at all points X , such that

X4 [Efw=oIn E{ZE =0 VUE§ x s xr=o}

(3.14)



=Qe

+
Ie )(, = X\" 4+ X" o« (xs- ) # D, » then the only sing-
ularities of the integrand occur for \'P(Xa 5)’-‘0 . From an earlier result

Usllis
of the author U5l it follows that singularites of H(,X) may occur for

XEY_E{‘*"D}nEi%ﬂ;—= }‘& . I X-o (vhich means ¢ = )

singularities gay also occur for
% e [ESX-o} {2 o]\ = E{xmeni=of.

|
s -o
we may express the singularity manifold of F (S, , 88,

Dlustration: Let F (s,»)E , then 1£ X#0

Y(Z;s)=s (E"\*tl‘ +Da*4)'s Lx,—s‘l">- 0. (3.5)

Elminating S between P (X;3)=0 and g_‘P < B , ylelds
$

Az [ i(x.-i)‘u- (x.,+%_)&-+ Xy = O }U 3 {(X.*"-ﬂk" (x'-"'i;:)’.‘o}'(&m)

The possible singularities of H(X) » then must lie on

' . .
Mis A UE{NL‘*X;} . The restriction o M 0 R?

(real three-space) is E { X= %4 ,0 ;%=0 | Xy= arbitrary rea.l}.




-10-

IV. An Inverse Operator for ’f-?a*[\'-'l .

In order to construct an integral transform, which maps the

harmonic funection,

W)= UGy, 1) =T T Qe 2 "P’"cm

(zwﬂ‘
nz0 Me 0

back onto its 135 - assoclate,

"
(S,O‘\ Z z Q\\. “'03 .

w9 ™M3ad

ve first introduce the kernel,

"

g £ et o™

=0 Wm=mp b\‘*"‘)! 2" m!

5
From the orthogonality property of the associated legendre functions,

f P“M(E) P (Ndy = =2 (n+m)!

2t (mem)! (4.2)

e



Flu= L ‘S' [ S j'% Ko($FE) Ul r,m)xés

4wi It e .3)

We now investigate the series expression for KL('“;. ] }a%):
and proceed to do this in a purely formal manner. We first split K‘(‘é e %l. )

into two parts,

73, ) ZCH\M\() E‘(X\

ZZ (EEMB(n-m+l zm)() P (E\( \ (b.4)

m=; M=l
- Ter-ut (z.h-n) ut) pm --(-)
'(‘;'f:fri)c}’u *LS Z -,)/( )P (¥) [“' J ——-— )
Aw) Mey

where [B(p, ,,b\__ r(r)p(l) g t?‘ (- t)? J dt , when Rn.P)O,Rnt)O.
rie+y)

We consider the sum,

Step = Y E) "D, e

Ned Mmeod

Y= at LY f = 3G~ . (k.5)

ttlf




since one has

rR g('\g,r, s > 5 Qnt) PRy ™
r‘zr f) r\z-n Z:u fn -0 I (4.6)

In order to formally sum (4.5) we consider the formula

Z (zn+1) m P:(f) fm
A= m"

(4.7)
a"A
V) i (o W AT R
(l-27r¢ +‘t")“*3/" z“(m.’)‘
which may be obtained by differentiating,
L - ”(11-’7:‘“]:(!)
G-y Eo mE R e, (4.8)

S= i JlEE(EENIY

with respect to § , m-times., By swming (4.7) with respect to m

from o to o ; and interchanging orders of summation we have
)

Y
Steyp) = L ) G av PR

MBO0 namm

(4.9)

= U-2v) T ! (- e\
(- 2vge ¥ 5 27 ()t I-IYI*‘\:") ’
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L9

By means ¢f the Legenire duplication formula we may reduce the coefficients

on the right-hand side of (%.9) as follows,

(2™ 1)l i} P (2w +2) o [z’ﬂ#s
(Ml)‘ i Plme)t 2™ md FW_ [ (m+ %)
3 m
=2t T(wmey) (4.10)
T m/} '

Consequently, whenever

'tf’ll'rt_\(\,(_u}s\) , we have

RN Fi

Stv,3,p) = £ Lo :
(1-2res )™ () p_22pli-e Y"

S L

4+ (-1Y
(l - 1‘*[}-(’\17-—}?1*%‘)%

\

(4.11)

Consequently,

Z‘ Z zru-l) (S)f 1z Tp G- Viogs

“wsl Me) ('"l ')'
(" el )™ )

P —



and

K. (%58,3

)2

|
(=) (r*=u't") dt
[q‘l:"+ Wt +c | S

(]

3
+ o zuvrgrut) h

(4.13)

where Q : u"';Lt\h_El- . b= ‘L“T(E-Q-J-Q| rt) C = 7' - Ur '_§‘. .

1
It ve revrite K, (% )E,_) as T(%JE:%;QdT,

!

f{ztmk'm,—r s J2uteey Vg (e ) (et wit) )
e T NS L~ fae s

thenr the inverse operator has the represen+ation,

Flu9)= [U}

‘ (ko14)
s‘.";:-ga\: S ! Soat R SO
I Y
However, it 1is possible %c evaluate K,_(%,E,S-) by means of the elementary

Lre] . 1

integrals, which we list below



tm dt - t t’m | tm-z.
J §/a A () =78 Bm) f?’;dt + :D(m)j == dt
5 xt =B g4 =X L+ QP —bX at
T aa T a T %

’ B(M):-Sim-SZB , and

vhere Ta gt +bt+C  Alm) = (‘n:-4)a (m-4) 2
"4

Dlm) = =(m-e |

(m-4)a

:
Using (4.15) we cbtain I( :;- ¥ 1) = f (1-t)(+*- W) e
v T Sh.

{ ' ( Qv (4 ab)f oy (4ac-bab) 4 vfﬂl

Ju*
s (N E e cre) - u>§'¢t
20 o TS/,_
at” +a—“‘°t-’(4acb ab) + r'a 4.16
L‘T“v( ) 3u- ) (h26)
P (g e i)

*Ks—c‘-’r"a(““‘“ Carn) - b(4at-b) - a\»)rﬁaz’c_*g)




V£
LD

ang gonsegusntly K (-‘1 T 3 -) mav be expgressed iv erms of (l&.l6) as

Kz(é—’?’%’)= T(r"_q,‘) + ZH’Lf“Sn-t IY %3(417)

(T-,__ rueyr “;)b/x

V. A Partial Differentisl Equasi’r in Three-Jariatles which Is Related to the
G.A.S.P.T, Egquation

We may make a natural extensicn of the operators intrcduced in the

previous sections If we cinsider the generating function for +the ultra-spherical

tal
harmonics {Gengenbaver polyrceials),
0
" A
L 3 =E v C“(Y) ) vl ¢ 8,
-7 ‘q
\ Frr —o (5.1)
' \ ¢ = L )V;I }
S = min LITE(E .
We differentiate this expression wihu respezt 4o E sy Mm-times, and
Ce1
make use cf the Ldentity s

w Aam,
& ¢y - () C ! (9 ; (5.2)
df™

one obtains

[Oam) O™ X/ 5 i "

PA) (1-repet ™™ nam ’

(5.3)
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Summing ~ver m frox o e <, and inversing the rler of summation on
the right-hani ¢ide we rgve,

POwm) [~ct\ et ™
PN m ! (/\\)( )\+m Z Z o “‘m(!)t

l—n_v} +r Neo mes

™ s0

_ F(n+wm) -rf ")-3

(l-xr'f-u' ’f/)a --‘A--’ff"Y
(5.4)

{ / |

(l-ufr r“)’\ .['I ' A(1- lrf+r‘;Y ( B “.[s‘_zr.a\'}”})A

We shall now show thet She Duneiicns
m phtm ™
u'\"’l (X’ y’t) =T Cn-m(?)t . (7130,',--. ;m,o'l.l,-..,‘\)

(5.5)

satisfy the pe.'rtia.l differential equatiosn,

u -2 u )
Lyt - "+>’ (tut oy ’HTc"u)’ (5.6)




Cif

= - & )‘
whexrs Lﬁ z)\t \A} AU """ “Y Loty Aifferential operator
o .. Df.\tlﬂ
of Genexawlzu“ Aa;alIV'ngme*v < Potentaal Thecre  (ZASPT
- -m Adw
. SLLE 5 g - v o . ’f: s
First we notice, tha® W, = C “_m(!) satisfies

Lwlz AW + 212 - 12 &
by T AV Doy 2 3 (e Ly (e 3

_ T oW o) oW —eawl '

s we realize that the

> = 4 o :
r Lu[: Wpm | T 2m 'o'ﬁ} + maem)ie -

ATV ”\}
n
and the ¢lass of functilicn i.’ C»\-.“(Y)t

( 0&m &n y =0, 1-,---) 2atisfy bthe partial differential eguation

3+ = 't 2’-"\ t ?_ U .
-~ LLALK-\ PR E rﬁ? + 5t ('t %%\) +2.Xt D_E. . (5.9)

When we tramsform to Cartesian cuordinates, 4his becomes (5.6).

*‘Ihe concept «f Tracticnes-diwercicval, potential theory was first introduced
by A. Weinsteln.



arn o ogral orerator ‘33[\:],
whick will oransUoom Soaretions oL

onto selations W

. ., e
R A ) (5.6/9

o M . AAT™ ™
u(xay;t) V(f,'ﬁ"t): ZZ aan C\q-w\

by intrcdiueing

......

Ka(:’ )= |

u <)

’ (5.10)
(1-erli-E1r 5

and writing ’j[r‘x a5,
YLrl = -

d< r t

] B ) K (55 B Py

3 “ * )u\ (5.11)
I%l=€, \u\= €,

The sclutions V( AN S, t\ are 2silired in the small of the origin; however,

they may be continued by deformirg the contours of integraticn in the usual
1t
manver 3Y .
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We make a few concluding remarks about the rnrocess of inverting the
double summations over m and n , which were used in this and the preceed-
ing sections to find a closed form for the generating kernels, We recall,
first, that the generating function seriles expansion for the g.fn c :\‘ﬂ
are valid for all complex Y , such that |v] ¢ “Ymuin \ Tr (E‘-IY‘).
(For Xy Y nal g 0€ Fs |,%A fel <) ) The double series in (5.3)
may be considered for each fixed } as representing an analytic function
of the two complex variables -, + which converges uniformly and abso-
lutely in a suitably small bi-cylindrical neighborhood of the origin in com-
Plex *r) + space. Since we have absolute convergence in this bi~cylinder
for a double power series, we may interchange orders of summation there, and

either sumation yields the same analytic function of two complex varie.bles['ﬂ .
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